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Fig. 1. An example of a timed event sequence.

Knowledge of this failure signature allows the identification
of the root cause of a system failure, and thus creates the
potential for opportunistic maintenance, for example, part
replacement, etc. On the other hand, if the occurrence of a
failure could be predicted based on the trigger events, then
preventative maintenance measures could be taken before
the system breakdown and thus the downtime cost will be
reduced.

In this paper, we are interested in building a statistical fail-
ure prediction model for a single event sequence based on
failure signatures. Formally, an event sequence S is a triple
(T s

s ,T s
e , s) on a set of event types E, where T s

s and T s
e are the

starting time and ending time respectively, and s = �(E1,
t s
1), (E2, t s

2), . . . , (Em, t s
m)� is an ordered sequence of events

such that Ei ∈ E for all i = 1, 2, . . . , m and the individual
t s
i are the occurrence time of the corresponding event with

T s
s ≤ t s

1 ≤ · · · ≤ t s
m ≤ T s

e (Mannila et al., 1997). The prob-
lem of building a failure prediction model is formulated as
follows: given the event sequence S containing failure event
K, how do we construct a statistical model that can predict
the occurrence of system failure K, i.e., during what time
interval and with what probability will the failure event K
occur in the system?

Some techniques to predict failure event(s) based on the
analysis of event sequence data already exist. These meth-
ods can be roughly classified into design-based methods
and data-driven rule-based methods. Design-based meth-
ods tend to be applied to logic fault diagnosis in automated
manufacturing systems. In a design-based method, the ex-
pected event sequence is obtained from the system design
and is compared with the observed event sequence. A sys-
tem logic failure can be identified by use of this comparison.
Sampath et al. (1994) and Chen and Provan (1997) pro-
posed untimed and timed automata models to diagnose the
faults in an automated systems. Untimed and timed Petri
net models were developed by Valette et al. (1989) and Srini-
vasan and Jafari (1993) to represent the behavior of man-
ufacturing systems and determine if a fault occurs. Time
template models (Holloway and Chand, 1994; Holloway,
1996; Das and Holloway, 1996; Pandalai and Holloway,
2000) make use of timing and sequencing relationships of
events, which are generated from either timed automata
models (system design) or observations of manufacturing
systems, to establish when events are expected to occur. The
construction of all the abovementioned models requires us
to know the designed or expected event sequences of the

system. The major disadvantage of this method is that in
many cases, the event occurring is random and thus there
is no predefined system design information and hence no
temporal relationship knowledge available.

In contrast with design-based methods, data-driven rule-
based methods do not require system logic design infor-
mation. Instead, they first identify the temporal patterns,
i.e., the sequences of events that frequently occur, and then
prediction rules are developed based on these patterns.
Mannila et al. (1997) analyzed the event sequence data
by identifying frequently occurring episodes (temporal pat-
terns) through the “WINEPI” approach, in which compu-
tationally efficient algorithms are developed to identify fre-
quent episodes and episode rules. In Klemettinen (1999), a
method for recurrent pattern identification in alarm data for
a telecommunications network was proposed to recognize
episode rules. The technique of sequential pattern detection
has also been applied to web log files by Agrawal (1996) and
Xiao and Dunham (2001). Once the temporal patterns are
identified, the time relationships among events in the pat-
tern can be used to predict the occurrence of a failure event.
To reach this goal, prediction rules, such as temporal asso-
ciation rules (Dunham, 2003) and episode rules (Mannila
et al., 1997; Klemettinen, 1999), can be generated based on
the identified temporal patterns. An example of a predic-
tion rule based on a temporal pattern consisting of events
A, B and K is:

IF the events A and B occur in the system
THEN the failure event K will occur
WITH [Time Interval] confidence (c%)

which means that if we observe events A and B occurring
in the system, then we can predict that failure event K will
occur within the time interval specified by [Time Interval]
with a confidence of c%. If we try to predict the occurrence
of a failure event, the prediction process begins by search-
ing through the space of prediction rules generated from the
identified temporal patterns. The available data-driven rule-
based methods do not build rigorous statistical prediction
models for event sequence data and thus they only provide
heuristic prediction results. We would encounter the follow-
ing two difficulties when using these rules for prediction.

1. Once temporal patterns are identified, the corresponding
prediction rules are fixed with their parameters, i.e., the
values of [Time Interval] and confidence (c%) are fixed
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in the above prediction rule. If people are interested in
a different time interval, new temporal patterns need to
be identified in terms of the changed parameters. If we
need to predict the occurrence of events of interest with
varying parameters, the space of prediction rules could
be very large for a long event sequence.

2. The prediction becomes more complicated, if not impos-
sible, for the case in which different trigger event sets, say,
Tr1 and Tr2, occur in the system. Now we have different
rules based on different trigger event sets, therefore we
will have different prediction results. It is hard for us to
combine all the associated prediction rules together to
reach a final conclusion.

In this paper, we would like to develop a systematic
methodology to construct a rigorous prediction model for
failure events based on a single event sequence collected
from in-service equipment. At the first step, we will iso-
late the meaningful failure signatures, which are a special
temporal pattern, namely, a set of events that occur together
frequently in the event sequence and end with the failure event,
and then screen out trigger events which could affect the oc-
currence of failure events. Next, the Cox proportional hazard
model (Klein and Moeschberger, 2003) will be built to pro-
vide rigorous statistical predictions for the system failures
based on the identified failure signatures. In the procedure,
we take advantage of both temporal pattern identification
techniques originating from temporal data mining and the
Cox PH model that predominates in biomedical survival
analysis. Our approach is data-driven, which means that
we do not need detailed physical models for the relationship
between the trigger event(s) and the failure event. Another
advantage of our approach is that no assumption of a para-
metric distribution for the event sequence data is needed,
which could result in the discovery of information that may
be hidden by the assumption of a specific distribution.

The remainder of this paper is organized as follows. In
Section 2, the problem formulation and the data-driven
procedure to construct the prediction model are presented.
We illustrate the effectiveness of the developed procedure

Fig. 2. An example of independent time intervals between failures in an event sequence.

through a numerical case study and a real-world example
in Section 3. Finally, conclusions are drawn in Section 4.

2. Failure event prediction using the Cox proportional
hazard model

2.1. Basics of failure prediction using the Cox proportional
hazard model

As stated in the Introduction, we will consider an event
sequence in which the failure event K occurs recurrently
along the time line. Suppose event K occurred n times
in the event sequence; hereafter we will call the inter-
val [t s

i ,t s
i+1] between two adjacent failure events, Ki and

Ki+1, i = 1, 2, . . . , (n − 1) the Time Interval Between Fail-
ures (TIBF) as illustrated in Fig. 2. It should be noted that
if an event K does not occur at T s

s or T s
e , the start and end

points of the event sequence; the interval [T s
s , t s

1] or [t s
n, T s

e ],
is also the TIBF. In this case, there are N = n + 1 time in-
tervals in the event sequence data in total. In many cases, it
is reasonable if we assume that all the time intervals are in-
dependent of one another, that is, the current occurrence of
failure event K is assumed to be unaffected by any previous
occurrence of an event K. In Fig. 2 the symbol “�” rep-
resents the occurrence of an event K, and the symbol “o”
means that the last TIBF is censored for the case in which
no failure event K occurs at the end of the event sequence. If
applicable, the censoring time of the last TIBF is assumed
to be independent of the failure times in the event sequence.

Based on the above assumptions, the data we now have
are the time-to-failure data of event K, also referred as sur-
vival data. Let T denote the time intervals, i.e., T is a random
variable that indicates the waiting time from the start of the
current TIBF to the next failure. As stated above, all the Ti
(i = 1, 2, . . . , n + 1) in the event sequence are assumed to
be independent of one another.

Some basic quantities are needed in order to analyze the
time-to-failure data. If the density function of T , f (t), exists,
then the survival function of T can be written as

S(t) = Pr(T > t) =
∫ +∞

t
f (x)dx, (1)
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of view. As stated in the Introduction, failure signatures
play a very important role in service and maintenance.
Thus, it is reasonable that people would predict the oc-
currence of failure events based on identified failure sig-
natures. That is, in the first step, people would identify
the failure signatures from both statistical and physical
points of view. Next, the failure prediction model will
be built based on the failure signatures. If the model is
constructed in a reversed sequence, the results may be
meaningless or even misleading.

To deal with the abovementioned difficulties when fitting
the Cox model directly to the failure data, an effective tech-
nique for failure prediction model construction driven by
failure signatures is developed.

2.2. Steps in failure prediction model building

A diagram of the complete procedure for failure prediction
model building is illustrated in Fig. 3.

Firstly, the failure event to be predicted is defined by ex-
perts in the specific area. The failure event sequence data are
collected in the field and then preprocessed. For example,
if several events of the same type are recorded at a single
time point, only one event will be kept.

The next step is recognizing failure signatures in the event
sequence data by using the approach to be presented in
Section 2.3. The frequent failure signatures identified using
this approach should be checked by area experts to decide
whether or not they are real signatures. If yes, go to next
step. If no, then the benign signatures are removed from the
set of fault signatures. After this step, physically significant
failure signatures are identified, and thus this step serves
as the variable selection process for the prediction model
building.

Finally, based on the failure signatures, we can build the
failure prediction model for the event sequence data. The
method to build such a model will be presented in Sec-
tion 2.4.

Fig. 3. The procedure for failure event prediction model building.

2.3. Frequent failure signature identification

In this subsection, we present our approach to extract fre-
quent failure signatures from event sequence data. In prac-
tice, engineers are interested in finding failure signatures
because they want to find how trigger events affect the oc-
currence of failure events. In other words, trigger events are
those events that can cause the occurrence of failure events.
Using system knowledge, a trigger event can be associated
with a specific fault (Holloway, 1994). However, when phys-
ical relationships between events are not available, we have
to identify the trigger events by using temporal relation-
ships in the event sequences. In this paper, we only con-
sider this case. An example of failure signatures, denoted
as φ = ({A, B, K}, {A, B < K}), can be found in Fig. 1.
The latter part (partial order) of φ, {A, B < K}, means
the set of trigger events Tr = {A, B} occur before K in the
failure signature, but the order between A and B is not
fixed and thus φ is a parallel failure signature, whereas
α = ({A, B, K}, {A < B < K}) is a serial signature because
the order between trigger events A and B is fixed. All fail-
ure signatures can be recursively generated using these two
basic types. Therefore, we only consider parallel and serial
signatures in this paper. Hereafter we use italic Greek let-
ters, such as α and φ, to denote failure signatures.

In practice, engineers are interested in finding patterns
containing events that occur quite close together in time.
The closeness of events in failure signatures is specified
by experts based on experience and the physical operation
principles of the system. For example, CT maintenance per-
sonnel are interested in failure signatures that occur over
30 minutes in the CT log files. In the frequent failure sig-
nature identification, we use the term window to define the
closeness of events, that is, we only consider those failure
signatures that occur in a time window of a given width w.
The window width should be specified by the area experts
based on experience and the physical operation principles
of the system.

For a given window width of w, it is often possible to ex-
tract many failure signatures from the event sequence. Only
frequent failure signatures, whose occurrence frequency is
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not smaller than a prespecified frequency threshold �f r ,
are kept for further analysis. The frequency of a failure sig-
nature α is the proportion of all windows containing K that
also contain the whole failure signature α. From a statistics
viewpoint, we may view the frequency of a failure signature
α as follows. Imagine that we arbitrarily place a window
of size w on the time line, if the window covers the failure
event K, then the frequency of the failure signature α is
the probability that the window will also cover the whole
failure signature α. A larger frequency means that the trig-
ger events contained in fault signature α will occur with
a greater probability before failure event K in the same
window. Put in another way, if a failure signature is not
frequent, that means that we will have a limited number of
survival times related to this failure signature. From a statis-
tical viewpoint, in this case we may not be able to estimate
its effect due to the limited number of observations. In prac-
tice, the area experts also specify the frequency threshold
value �f r . The formal concepts of failure signature, window
and frequency can be found in the Appendix.

A flow chart of the algorithm for frequent failure signa-
ture extraction is shown in Fig. 4. The inputs of this algo-
rithm are the event sequence data S, the failure event K,
a frequency threshold �f r , and a window width w. Notice
that K, �f r and w are specified by the area experts. The
outputs are the set F of frequent parallel/serial failure sig-
natures FL with different length L and the corresponding
frequencies. Suppose that the largest length of identified
signatures is r, thus we have F = {F2, . . . , Fr}, where the
length of failure signatures L is L = 2, 3, . . . , r .

Similar to the WINEPI approach (Mannila et al., 1997),
the core part of our algorithm has two alternating phases:
(i) building new candidate failure signatures; and (ii) iden-
tifying the frequent failure signatures from the candidate
set. The algorithm stops if no frequent failure signatures
are recognized from the data. The basics of this algorithm
are as follows.

Step 1. Extract event sequence data from the system log
files.

Fig. 4. Flow chart of the frequent failure signature identification algorithm.

Step 2. Calculate the set of event types, E, which is used to
generate the candidate failure signatures in Step 5.

Step 3. Calculate the number of windows of sizewcovering
K.

Step 4. Decompose the event sequence into several seg-
ments in case the number of failure events in the
event sequence is quite small (rare failure events),
i.e., the number of windows covering K is small.
Through this step, we can improve the algorithm
efficiency because we only keep the sequence seg-
ments Si (i = 1, 2, . . . , p), in which the distance
between the beginning of the segment to the first
failure event K is equal to w (the end point is the
event K), while other parts of S will be discarded.

Step 5. Generate the candidate failure signatures C2 with
L = 2. The candidate signatures are in the form of
({E, K}, {E < K}), E ∈ E, E �= K and the candi-
date parallel and serial signatures with L = 2 are
the same.

Step 6. Compute frequent parallel and/or serial failure sig-
natures for every Si, i = 1, 2, . . . , p. Refer to Equa-
tion (A1) for the calculation of frequency.

Step 7. Increase the length of candidate failure signatures
by one.

Step 8. Generate the candidate signatures CL+1 based on
the identified frequent failure signatures FL. This
is because of the fact that all sub-signatures of one
failure signature α occur at least as α, thus we can
build longer signatures from shorter ones.

Step 9. Output F = {F2, . . . , Fr}, if NO further frequent
failure signatures are recognized.

In Step 6, the basic idea is to slide a window of a given
width along the time line and count the number of windows
that cover the candidate failure signature α. If the frequency
of α is either equal to or larger than the specified frequency
threshold �f r , we incorporate it into the set FL. Typically,
two adjacent windows are often very similar to each other
since we only move the window by one time unit along the
time line at a time. Thus, in the algorithm we only need
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to “update” the information in the current window. The
details of Step 6 are as follows.

(a) In order to identify frequent parallel failure signatures,
for each event in the failure signature φ (including trig-
ger events set Tr and K), we maintain a flag φ· flag[j],
j = 1, 2, . . . , L, (L is the length of the failure signa-
tures) to show whether or not the event is present in
the window. When the jth event of φ is in the win-
dow, we have that φ· flag[j] = 1. We also have a list
φ· time[j], j = 1, 2, . . . , L, which is used to record the
occurrence time for each event in φ. If the ith event
occurs multiple times in the window, then all the oc-
currence epochs are recoded in φ· time[j, :] in the or-
der from small to large. When all flags φ· flag[j] = 1,
j = 1, 2, . . . , L, AND the latest event in Tr occur be-
fore any of the failure events K in the window, the fail-
ure signature φ occurs entirely in the window, the oc-
currence indicator of φ (φ· indicator) will change from
zero to one and then the counter φ· counter will be in-
creased by one. When sliding the window, we just update
φ· flag[j], φ· time[j](j = 1, 2, . . . , L) and φ· indicator , if
an event related with α enters into or leaves the window.
If the value of φ· indicator is still one, we can increase
φ· counter by one instead of checking the whole failure
signature in the new window.

(b) In order to identify frequent serial fault signatures, the
algorithm similar to the WINEPI approach is utilized.
We make use of state automata to accept candidate sig-
natures. The transition diagram of the finite automaton
for the serial signature α (Fig. A1), is shown in Fig. 5. In
this figure, q0,q1, . . . , q4 are states, and a state marked
with double circles is either the initial or the final state.
When the first event A of α enters the window, the cor-
responding automaton will be initialized and when this
event A leaves the window, the automaton will be re-
moved. If the automaton reaches its final status, which
means the signature α occurs entirely in the window, we
increase the number of windows which cover α by one.
Similar to (a), when sliding the window, we just update
the status of the corresponding automaton if an event
related to α enters into or leaves the window. If the au-
tomaton for α is still in its final status, we can increase
the occurrence number of α by one.

Whereas the WINEPI approach can be used to recog-
nize general episodes (temporal patterns) in an event se-
quence, our proposed algorithm can identify frequent fail-

Fig. 5. The transition diagram of the finite automata based on α.

ure signatures more efficiently. The time complexities for
calculation of the collection F = {F2, . . . , Fr} of fre-
quent injective (refer to the Appendix for definition) parallel
and serial failure signatures in all event sequence segments
Si (i = 1, 2, . . . , p) are o(

∑r+1
L=2 [p × |CL| × L + pw]) and

o(
∑r+1

L=2 [p × w × |CL| + pw]), respectively, where w is the
window width, L is the length of the failure signatures, CL
is the set of candidate failure signatures, and |CL| is the
number of the failure signatures in CL. The proof of this
result can be obtained from the authors.

2.4. Failure prediction using the Cox proportional
hazard model

As stated in Equation (4), the Cox proportional hazard
model is used to model the hazard rate as a function of time-
dependent covariates. The conditional survival function on
covariate vector Z(t) can be expressed in terms of a baseline
survival function S0(t) as follows:

S(t) = S0(t)exp(� T Z(t)). (6)

The coefficient vector � in Equations (4) and (6) can be
estimated by the maximum likelihood solution of the partial
likelihood function (Klein and Moeschberger, 2003).

As we mentioned in Section 2.1, incorporating trigger
events into the Cox model as time-dependent covariates,
means that we can predict the failure event based on trigger
events. Furthermore, not only the trigger events but also the
relationships among these events can be derived from the
recognized failure signatures. Thus, we can make full use of
all the information contained in the failure signatures.

For a parallel failure signature φ = ({Tr, K}, {Tr < K}),
we can use every trigger event in Tr as time-dependent co-
variates, meanwhile, the whole Tr could be viewed as the
interaction term among these trigger events. For example,
φ = ({A, B, K}, {A, B < K}) is a frequent failure signature,
then other two failure signatures φ1 = ({A, K}, {A < K})
and φ2 = ({B, K}, {B < K}) should be also frequent, we
could set two time-dependent covariates for α1 and α2 re-
spectively as follows:

ZA(t) =
{

0, 0 ≤ t < tA,

1, tA ≤ t ≤ the end of the TIBF,

ZB(t) =
{

0, 0 ≤ t < tB,

1, tB ≤ t ≤ the end of the TIBF.

where tA and tB are the occurrence times of event A and
B respectively. For signature φ, we can use ZA(t) × ZB(t),
the interaction between ZA(t) and ZB(t), in the regression
model to study its effect on the occurrence of the failure
event.

For a serial failure signature α = ({Tr, K}, {Tr < K}), in
addition to the time-dependent covariates for every trig-
ger event, the whole set Tr can also be viewed as a time-
dependent covariate. For example, α = ({A, B, K}, {A <

B < K}), we could also set a time-dependent covariate for
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α as follows:

ZA<B(t) =
{

1, tA ≤ tB ≤ t ≤ the end of the TIBF,

0, otherwise.

Through this way, we can predict the occurrence of a fail-
ure event by combining the failure signatures. After estimat-
ing the baseline survival function S0(t) and the coefficient
vector β from the data, we can predict the occurrence of a
failure event by using Equations (4) and (6).

With this method, our data can be viewed as follows. We
have independent time-to-failure data Tj, j = 1, 2, . . . , n +
1, which correspond to the jth TIBF. δj is the failure
event indicator for the jth TIBF, thus we have δj = 1 for
j = 1, 2, . . . , n. For the last TIBF, the indicator value de-
pends on whether or not the occurence times of failure event
occurs at the end of the event sequence; if yes, δn+1 = 1,
otherwise δn+1 = 0. If the last TIBF is censored, the failure
event and the censoring time are independent. We also have
covariate vector Zj(t) = [Zj1(t), Zj2(t), . . . , Zjy(t)]T for the
jth TIBF, where y is the length of covariate vector. The co-
variates are coded as illustrated above. Using these data, we
can fit the Cox model to the time-to-failure data and then
predict the time interval and confidence for the occurrence
of the failure event.

In the following section, a comprehensive case study
and a real-world example are presented to illustrate this
procedure.

3. Case studies

To show the effectiveness of our procedure as well as the
performance of the Cox model with time-dependent covari-
ates, we carried out the following case studies.

3.1. Numerical case study

In this case study, a simulated event sequence was used
and thus we first need to generate the event sequences. The
procedure is the reverse of the procedure to extract time-
to-failure data from the event sequence, which is illustrated
in Fig. 2. Because no distributional assumption is needed
for the Cox model, we were able to generate the time inter-
vals randomly and independently. After that, by linking all
the time intervals together we created an event sequence.
For a single hypothetical failure event sequence, we gener-
ated 1000 time intervals. In our study, all these 1000 time
intervals were exactly observed, which means no censoring
in our data. In addition to failure event K, there are three
event types A, B and C in the event sequence. Event type A
may occur at most once in each TIBF. The event types B and
C are in the same case. To test the algorithm for frequent
failure signature detection, the occurrence number of event
C in the event sequence were set very small, which means
that we will not get any failure signature containing event

C when a comparably large threshold for the frequency is
given. Some details of the simulation will now be discussed.

1. The N = 1000 failure times follow a Weibull distribution
with parameters α = 3, λ = 50 with shape parameter
and scale parameter as 3 and 50; respectively.

2. For each TIBF, the occurrences of events A, B and C are
assumed to be independent of one another. We also as-
sumed that the events A, B and C occur within 60, 40 and
5% of all the TIBF respectively, that is, the occurrence
of events A, B and C in each TIBF independently fol-
low a Bernoulli distribution with p = 0.6, 0.4 and 0.05,
respectively.

3. For those time intervals during which events A, B and/or
C occur, we generated the occurrence times of the corre-
sponding event according to a specified distribution. For
A, the assumed distribution of the occurrence time was
log normal with μ = 2, σ = 1; for B, it was an exponen-
tial distribution with λ = 10. And uniform distribution
with parameters a = 10, b = 20 was assumed for the oc-
currence times of event C. In total, N = 1000 sets of
time-dependent covariates (events A and B) are gener-
ated.

4. Assuming that the coefficient vector � in Equations (4)
and (6) is known, we can use the permutational algorithm
(Abrahamowicz et al., 1996; Leffondre et al., 2003) to
randomly pair the time-dependent covariate vector and
the TIBF, according to the probability based on the par-
tial likelihood given the values of � . The assumed val-
ues of � are listed in Table 1. Because the event C is not
included in the frequent failure signatures, we only con-
sidered � values for time-dependent covariates of events
A and B. In the study, two scenarios were studied, the
difference being whether or not an interaction exists be-
tween ZA(t) and ZB(t). In scenario 1, this interaction is
assumed to have no effect on the hazard rate.

To apply the proposed failure prediction method, the first
step is to identify the frequent failure signatures. A win-
dow width of w = 50 and a threshold for the frequency of
�f r = 5% were used. Three fault failure signatures were
identified λ1 = ({A, K}, {A < K}), λ2 = ({B, K}, {B < K})
and λ = ({A, B, K}, {A, B < K}) for both scenarios.

We ran the simulation algorithm 1000 times and obtained
1000 event sequences. For each event sequence, we obtained
an estimate of � , denoted as �̂ . For each scenario stud-
ied, we calculated the mean ¯̂� of the 1000 regression co-
efficients with the corresponding 95% confidence interval

Table 1. Assumed values of � for two scenarios

Covariates Scenario 1 Scenario 2

ZA(t) 0.6 0.6
ZB(t) 1.2 1.2
ZA(t) × ZB(t) 0 1.6
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Fig. 6. Graphical checks of the proportional hazards assumption.

When fitting the Cox model to the data, we need to check
the proportional assumption for every time-dependent co-
variate at the first place. The checking results by using
the cox · zph(·) function in R are shown in Fig. 6. In
the figure, the slopes of the smoothed curves for scaled
Schoenfeld residuals are nearly zero. Also, p-values of the
corresponding tests (not given here) show that the pro-
portional hazard assumption holds for all three time-
dependent covariates. In practice, if the proportional haz-
ards assumption is violated for some covariate, we can
stratify on that variable and fit the Cox model within
each stratum for other covariates (Klein and Moeschberger,
2003).

Analogous to R2 in linear regression analysis, a measure
of goodness-of-fit for the Cox proportional hazard model
was proposed by Cox and Snell (1989) to be

R2 = 1 − exp
[

2
N

(LL0 − LL�̂ )
]

(8)

where LL�̂ is the log partial likelihood for the fitted Cox
proportional hazard model, LL0 is the log partial likelihood
for model zero, and N is the number of time intervals in the
event sequence. The final result of the Cox–Snell R2 is equal
to 0.204, thus the Cox model fits our data well (Verweij and
Van Houwelingen, 1993). In addition, we also checked the
model for outliers using deviance residuals, and no outliers
were found.

The baseline survivor function is shown in Fig. 7. We now
interpret our final hazard model. The hazard ratio (HR)
between time points t2 and t1 is defined as

HR = h0(t) exp[� T Z(t2)]

h0(t) exp[� T Z(t1)]
= exp{� T [Z(t2) − Z(t1)]}.

Thus, based on the results shown in Table 3, we can
estimate the hazard ratios. Assume that only event A
occurs in the time interval [t1, t2], then we can write ĤR =
exp{�̂ T

[Z(t2) − Z(t1)]} = exp(β̂A) = 2.367, which means
the hazard rate after A occurs is 2.367 times that when event
A does not occur. While both A and B occur in the interval,
the hazard rate will be exp(β̂A + β̂B + β̂AB) = exp(0.862 +
1.216 − 1.55) = exp(0.528) = 1.696 times that when events
A and B do not occur. That is, other than the effects of
A and B, the interaction also impacts the hazard rate.
Accordingly, the survival function will change when trigger
events occur. The predicted survival function can be
calculated from our results.

We can use the estimated regression coefficients listed
in Table 3 and baseline survival function in Fig. 7 to pre-
dict the occurrence of failure event K. For example, if
all the trigger events A, B and C do not occur in the
system, then the failure event K will occur in the time
interval [100, 150] minutes from the start of the TIBF
with a probability of (0.5693 − 0.4776) = 0.0917 ≈ 9.2%,
which can be calculated from the estimated baseline survival
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Fig. 7. Estimated baseline survival function.

function. However, if A and B do occur before the time in-
terval, the probability for K occurring in [100, 150] will be
increased to (0.5693exp(β̂A+β̂B+β̂AB) − 0.4776exp(β̂A+β̂B+β̂AB)) =
(0.56931.696 − 0.47761.696) = 0.0991 ≈ 9.9%.

4. Conclusions

An effective data-driven technique to predict the occur-
rence of failure events based on event sequence data has
been presented. The Cox proportional hazard model, which
has some advantages over other models and thus predomi-
nates in biomedical survival analysis, can be used to provide
a rigorous statistical prediction of system failure events.
However, due to the difficulties that can be encountered
when fitting the Cox model directly to the event sequence
data, we need to build a prediction model based on fail-
ure signatures. An algorithm to extract the frequent fail-
ure signatures has been developed and two types of failure
signatures—parallel and serial signatures—can be identi-
fied efficiently through the method. Based on the recognized
failure signatures, an approach to prediction model build-
ing has been developed. By coding the failure signatures as
time-dependent covariates and interactions, we can fit the
Cox model to the data and thus build a failure prediction
model for the event sequence based on the frequent failure
signatures. Finally, we illustrated the effectiveness of our
approach through a numerical case study and a real-world
example. In summary, the whole procedure provides a sys-
tematic methodology to analyze the failure event sequence
data and can be used in the field of failure prediction.

A very interesting open issue is failure prediction for mul-
tiple event sequences. For the case in which we have several
event sequences collected from different pieces of equip-

ment, how do we predict the failure event by combining
the data together? Furthermore, it will be very interesting
to consider the dependence among the time intervals and
include the relationship in the prediction model. The ex-
tensions of Cox models for recurrent event data of multiple
subjects, such as the Prentice-Williams-Peterson (Prentice
et al., 1981) and Wei-Lin-Weissfeld (Wei et al., 1989) mod-
els, will be investigated in a future study. The results along
this direction will be reported in the future.
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Appendix

Definitions of failure signature, window and frequency
follows.

Failure signature: Let K denote the failure event and
Tr the set of trigger events. A failure signature α =
({Tr, K}, {Tr < K}) is the set of events {Tr, K}, which oc-
cur within time intervals of a given size, and a total order
{Tr < K}, which represents that the trigger event set Tr
occurs before K in the time intervals of specified size. A
partial order, ≤, could exist on the events in Tr:(Tr, ≤).

The failure signature is injective if no event type occurs
twice or more in the signature. The length of a failure
signature α, denoted as L, is the number of events con-
tained in the set of events {Tr, K}. Based on the definition
of failure signature, we have L ≥ 2.

Based on the partial order, ≤, on trigger events, there
are three types of failure signatures shown in Fig. A1.
α = ({A, B, K}, {A < B < K}) is a serial failure signature
because the order relation {A < B} of trigger events A
and B is a total order, while φ = ({A, B, K}, {A, B < K})
is a parallel failure signature (notice that the order is not
fixed for all A �= B). In failure signatures α and φ, we
can see failure signature λ = ({A, K}, {A < K}) is a sub-
signature because it is contained in α and φ. The third

Fig. A1. The three basic types of failure signatures.

type of failure signature, γ , is composite. The composite
signature could be constructed based on the first two
types recursively.
The definition of window, also used in Mannila et al.
(1997), is presented as follows.

Window: Given an event sequence S = (T s
s , T s

e , s), a win-
dow W = (Tw

s , Tw
e , sW) is a part of that event sequence,

where Tw
s and Tw

e are the starting and ending times
of the window respectively with Tw

s < T s
e and Tw

e > T s
s ,

and sW consists of those event pairs (Ei, t s
i ) from S with

Tw
s ≤ t s

i < Tw
e .

The width of the window W is defined asw = Tw
e − Tw

s .
Given an event sequence S and an integer w, we denote
�(S, w, K) the set of all windows of size w which cover
failure event K on S.

Frequency: The frequency of α in the set �(S, w, K) of all
windows of size w covering K on S is

fr(α,S,w,K)

= the number of W convering α in �(S, w, K)
the number of W in �(S, w, K)

. (A1)

Given a threshold �f r for the frequency, a given failure
signature is frequent if fr(α, S, w, K) ≥ �f r . Apparently,
if α is frequent then all its sub-signatures are frequent.
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