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to be modi“ed, the basic idea of combining different charts
together to improve the performance remains unaltered.
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Appendix

Proof of Proposition 1. Firstly, consider the two-
dimensional case. Without loss of generality, we assume
that the mean ofF1 is located at (d1, 0). The control limit of
the combined control charts, denoted asCDV , isthe contour
of the shaded region in Fig. 3. By de“nition, we have:
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are the probability distribution functions of process mea-
surement x = [x1, x2]T when x � F0 and x � F1, respec-
tively.

Denote S1 = 1 Š � , then we can write that:
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Using the error function, Equation (8) can be simpli“ed to:
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Noting that:
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Since� is “xed, we will have dS1/ dr = 0. Therefore:
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Following very similar steps, we have that:
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Substituting Equation (A5) into Equation (A6) we have:
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Clearly, sincex1 < c becausex1 � [Šr, c), the integrand in
Equation (A7) is always less than zero except for one data
point. Hence, we can conclude that d� 1/d r < 0.

It is straightforward to extend the result into a higher-
dimensional case because of the properties of multivariate
normal distributions. Without loss of generality, we can
assume thatµ1 is located on one axis of the coordinate sys-
tem. Furthermore, the high-dimensional multivariate nor-
mal distribution can be projected onto a plane, denoted
asS, that contains the mean locations of bothF0 and F1.

The projected marginal two-dimensional distribution is still
normal (Johnson and Wichern, 1998). Because the control
limit of the univariate projection chart is perpendicular to
the direction vector ofµ1, the control limit of the uDV

1 chart
on the S plane is a line. Therefore, the multi-dimensional
problem is reduced to a two-dimensional case. The same
results hold.
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