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ABSTRACT

A new method for estimating multivariate autoregressive
(MVAR) modelsof corticalconnectivity from surfaceEEGor
MEG measurementsis presented.Conventionalapproaches
to this problemÞrstattemptto solve the inverseproblemto
estimatecortical signalsandthenÞt anMVAR modelto the
estimatedsignals.Our new approachexpressesthemeasured
data in termsof a hiddenstateequationdescribingMVAR
cortical signal evolution and an observation equationthat
relatesthe hidden stateto the surface measurements.We
developanexpectation-maximization(EM) algorithmto Þnd
maximumlikelihoodestimatesof theMVAR modelparame-
ters. Simulationsshow that this one-stepapproachperforms
signiÞcantlybetterthan the conventionaltwo-stepapproach
at estimatingthe cortical signals and detectingfunctional
connectivity betweendifferentcorticalregions.

Index TermsÑ Cortical connectivity, multivariate au-
toregressive model, Expectation-maximizationalgorithm,
Grangercausality, partialdirectedcoherence

1. INTRODUCTION

Multivariable autoregressive (MVAR) models provide a
mechanismfor assessingcausalityin the senseof Granger
and are straightforward to estimategiven the signalsto be
modeled[1] [2] [3]. They have beenemployed to studythe
functionalconnectivity of thebrainbasedon invasive record-
ings[3] andto modelinteractionsbetweensignalsatdifferent
scalpmeasurementlocations[2]. Identifying corticalMVAR
models from EEG/MEG data requiresestimationof both
thecorticalsignalsandthecorrespondingmodelparameters.
The conventional approachto this problem is to Þrst ob-
tain estimatedcortical signalsby solving the ill-conditioned
EEG/MEGinverseproblemand then Þt a MVAR model to
the estimatedsignals. For example,Hui andLeahy [4] use
linearly constrainedminimumvariancebeamformersto esti-
matethe cortical signalassociatedwith different regionsof
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interestfrom the measureddata. Next they solve the Yule-
Walker equationsformedusingtheestimatedcorticalsignals
to obtaintheMVAR modelparameters.

In this paper we formulate the cortical connectivity
MVAR model estimationproblem for EEG/MEG in terms
of a ÒhiddenÓstateequationandanobservationequationthat
relatesthe hiddenstateto the surfacemeasurements.The
stateequationdescribestheMVAR modelrelatingthecorti-
cal signalsandtheobservationequationrelatesthemeasured
datato the hiddencortical signals.We obtainthe maximum
likelihoodestimatesof theMVAR modelparametersusingan
expectation-maximization(EM) algorithm[5]. Estimatesof
corticalsignalsareobtainedfrom theÞxedinterval smoother
implementedin the expectationstepof the EM algorithm.
We usesimulateddatato show that this one-stepapproach
to MVAR model identiÞcationresultsin improved cortical
signalestimatesandprobabilityof detectingsigniÞcantcon-
nectivity relative to thetwo-stepapproachof [4].

2. STATE-SPACE MVAR MODEL FOR EEG/MEG

Let y j
n and x j

n be the j th epochof l ! 1 EEG/MEG mea-
surementdataandm ! 1 statevector, respectively, at time
n. Theelementsof x j

n arethecorticalsignalsassociatedwith
the regionsin the MVAR modelandmay representdipoles,
multipoles, or cortical patches. We assumethat y j

n , n =
1, 2, . . . , N , j = 1, 2, . . . , J aregeneratedby thelineartime-
invariantstatespacesystem

xj
n =

p!

r =1

A r x j
n−r + w j

n (1)

y j
n = Cx j

n + v j
n (2)

whereA 1, A 2, . . . , A p are the m ! m matricesof MVAR
model coefÞcients,p is the model order, C is the l ! m
observation matrix, and w j

n and v j
n are the j th epochof

m ! 1 statenoisevectorandl ! 1 observation noisevector
respectively. The m columnsof C consistof the forward
solutionsthat map the cortical signalsto the l EEG/MEG



measurements.DeÞne÷A = [A 1 A 2 . . . A p] and ÷x j
n−1 =

[x j
n−1, x j

n−2, . . . , x j
n−p]T , soEq.(1) canberewrittenas

x j
n = ÷A ÷x j

n−1 + w j
n . (3)

The state noise w j
n and observation noise v j

n are as-
sumedto be zero-meanGaussianvectorswith covariance
E[w j

n w i T

m ] = Q! n,m ! j ,i andE[v j
n v i T

m ] = R ! n,m ! j ,i . The
m ! 1 initial statevectorx j

0 is alsoassumedto beGaussian
distributed with unknown meanvector µ 0 and covariance
matrix ! 0.

2.1. EM Algorithm for MVAR Model Estimation

TheEM algorithmiteratively computestheML estimatesof
! = {÷A , Q, R , µ 0, ! 0} assumingx j

n , n = 1, 2, . . . , N , j =
1, 2, . . . , J is hiddendata.DeÞneX J

N = {x1
0, . . . , x1

N , . . . ,
xJ

0 , . . . , xJ
N } asthesetof hiddendataandY J

N = {y 1
1, . . . , y 1

N
, . . . , y J

1 , . . . , y J
N } asthesetof observeddata.TogetherX J

N
and Y J

N form the completedata set. The completedata
likelihoodfunctionis givenby

p(Y J
N , X J

N ; ! ) =
J"

j =1

p(x j
0)

N"

n =1

p(y j
n |x j

n ) p(x j
n |÷x

j
n−1) (4)

where the probability densitiesare given by the following
Gaussiandistributions

p(x j
0) " N (µ 0, ! 0) (5)

p(y j
n |x j

n ) " N (Cx j
n , R ) (6)

p(x j
n |÷x

j
n−1) " N ( ÷A ÷x j

n−1, Q) (7)

Thusthelog-likelihoodfunctionfor thecompletedatais

logp(Y J
N , X J

N ; ! ) =

#
J
2
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The EM algorithmiteratively maximizesthe conditional
expectationof the log-likelihood of the completedatawith

respectto the unknown parametersin ! using two stepsat
eachiteration. Let ! [i ] representthe estimatesfrom the i th

iteration.In theexpectationor E-stepof the(i + 1)th iteration
q(! |! [i ] ) is calculatedas

q(! |! [i ] ) = E [logp(Y J
N , X J

N ; ! )|Y J
N , ! [i ] ]

= #
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wherex j
n |N is the Þxed interval smootherestimateof x j

n ,

P j
n |N is theestimationerrorcovariancematrix,and

D =
J!

j =1

N!

n =1

P j
n |N + x j

n |N x j T

n |N (10)

E =
J!

j =1

N!

n =1

P j
n,n −1|N + x j

n |N ÷x j T

n−1|N (11)

F =
J!

j =1

N!

n =1

P j
n−1|N + ÷x j

n−1|N ÷x j T

n−1|N . (12)

HereP j
n,n −1|N is the onestepcrosscovarianceand is also

obtainedfrom theÞxedinterval smoother[6].

Thesecondstepof theEM iterationis themaximization
or M-step. TheM-stepcomputesthenew estimate! [i +1] by
maximizingq(! |! [i ] ) with respectto ! to obtain



÷A [i +1] = EF −1 (13)

Q[i +1] =
1

J N
(D # EF −1ET ) (14)
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1

J N
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J
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j =1

x j
0|N (16)
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0 =

1
J

J!

j =1

P j
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TheE- andM-stepsarerepeateduntil thedatalikelihoodcon-
verges. This procedureincreaseslikelihoodat eachiteration
andthusis guaranteedto convergeto a localmaximum.

2.2. Estimation of Cortical Connectivity

Several connectivity metrics may be extracted from the
MVAR model parameters,including Grangercausality [1]
andthe directedtransferfunction (DTF) [2]. In the simula-
tionsweusethepartialdirectedcoherence(PDC)[3]

PDCij (f ) =
| øAij (f )|

/ 0
k

øA∗
k j (f ) øAkj (f )

(18)

where øAij is theij th elementof øA (f ) = I # A (f ), $ denotes
thecomplex conjugateoperatorand

A (f ) =
p!

r =1

A r e−j 2! f r . (19)

PDCij (f ) representstheinßuencefrom thej th corticalsig-
nal to thei th oneat frequency f .

2.3. Testfor SigniÞcance

Themethodof surrogatedataproposedby Theileret al., [7]
is usedto identify thresholdsfor testingthe signiÞcanceof
theestimatedPDC or otherconnectivity metric. Thegoal is
to approximatethedistribution of theestimatedmetricwhen
the true connectivity is zero in order to identify a threshold
resultingin a desiredprobability of falsepositive decision.
This is accomplishedby randomlyperturbingthedatato in-
tentionallydestroy any connectivity thatmaybepresent.The
estimatedcortical signalsare transformedto the frequency
domainusing the FFT, the phaseis randomizedusing inde-
pendentrandomvariablesuniformly distributed on [0, 2" ],
and an inverseFFT converts the phaserandomizedcortical
signalsback to the time domain. This proceduredestroys

any cross-correlationbetweencorticalsignalswhile preserv-
ing thepower spectrumof eachsignal. TheresultingMVAR
andPDC estimatescorrespondto a network of independent
or unconnectedcortical regions. The randomizationproce-
dureis repeatedmultiple timesto estimatethedistribution of
themetric(s)of interestundertheassumptionof independent
corticalsignals.

3. SIMULA TION RESULTS

A brain network is simulated basedon the Wernicke -
Geschwindmodel [8] of languageprocessingand speech
production. Dipolar sourcesareplacedin the primary audi-
tory cortex (region 1), WernickeÕs area(region 2), BrocaÕs
area(region 3), and the motor cortex (region 4). Time se-
ries are generatedfor eachregion accordingto an MVAR
model of order p = 2. The MVAR coefÞcientsare cho-
sen to place a spectralpeak near 15 Hz in region 1 and
the following causalinßuencesbetweenregions: 1 % 2,
2 % 3, and 3 % 4. All other causal inßuencesin the
model are set to zero. The statenoisecovarianceis set to
Q = 1

2 I . MEG forward solutionsfor the dipolar sources
are evaluatedat 54 sensorlocations uniformly distributed
aroundthe head. Observation noise is addedto the simu-
lated measuredsignalsto obtain a desiredSNR, deÞnedas
tr{

0 J
j =1

0 N
n =1 (Cx j

n )T (Cx j
n )}/ tr{

0 J
j =1

0 N
n =1 (v j

n )T (v j
n )}.

The spatialcovarianceof the noiseis chosento matchthat
measuredfrom ahumansubjectin theabsenceof stimulus.A
samplingfrequency of 100Hz is assumed.We setN = 256
andJ = 1.

The linearly constrainedbeamformingapproach(LCB)
of [4] is comparedto the maximum likelihood basedEM
approach(MLEM) describedin Section2 with respectto
estimationof cortical signals and probability of detecting
causalinßuencebetweenregions. MLEM usestheposterior
meanx j

n |N for theestimatedcorticalsignals.Both LCB and
MLEM assumethe correctMVAR model order of p = 2.
Figure1 depictsthe normalizedmeansquareerror (NMSE)
associatedwith LCB andMLEM estimatesof the four cor-
tical signalsasa function of SNR.The NMSE is calculated
by averagingover 100 independenttrials. The MLEM ap-
proachresultsin consistentlylower NMSE than doesLCB
overawiderangeof SNRs.ThemeanLCB andMLEM PDC
estimatesfor SNR = 0 dB arecomparedto the true PDC in
Figure2. The meanPDC from MLEM betterapproximates
the truePDCfor thenon-zerocausalinßuence(1 % 2, 2 %
3 and3 % 4).

We evaluatetheprobabilityof detectingcausalinßuence
by integratingthePDCfrom 12Hz to 30Hz. Thevalueof the
integratedPDCassociatedwith 1 % 2 and3 % 4 is testedfor
signiÞcanceby comparingit to thresholdschosento set the
probabilityof falsedetectionat 0.01,0.05,0.1,0.25,and0.5.
The thresholdsarechosenusing250 surrogatedatasetsand
the probability of detectionis evaluatedusing100 indepen-
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Fig. 1. NMSEfor thefour estimatedcorticalsignalsasafunc-
tion of SNR.LCB: dashedblueline, MLEM: solid redline.
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Fig. 2. True (dash-dottedblack line) and meanestimated
PDCsat SNR= 0 dB. LCB: dashedblue line, MLEM: solid
redline.

dent trials. Figure3 depictsthe resultingreceiver operating
characteristics(ROCs)for LCB andMLEM atSNR= -15dB.
NotethattheMLEM approachoffersimproveddetectionper-
formanceatall probabilitiesof falsedetection.Thedifference
is greatestwhenthetruePDCis weakest(3 % 4).

4. SUMMARY

Thestate/observationequationformulationof MVAR cortical
networkswith surfaceEEG/MEGdataleadsto anEM algo-
rithm for Þndingmaximumlikelihood estimatesof MVAR
modelparametersandthecorrespondingcortical signalesti-
mates.Simulationsindicatethis integratedapproachprovides
potentialperformanceimprovementscomparedto a two-step
methodthat Þrst estimatescortical signalsand then Þts an
MVAR modelto theestimatedsignals.
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Fig. 3. Probabilityof correctdetectionvs probabilityof false
detectionfor connections1 % 2 and3 % 4 atSNR= -15dB.
LCB: dashedblueline, MLEM: solid redline.
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